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Abstract

Average treatment effect estimation is the most central problem in causal inference with application to
numerous disciplines. While many estimation strategies have been proposed in the literature, recently
also incorporating generic machine learning estimators, the statistical optimality of these methods has still
remained an open area of investigation. In this paper, we adopt the recently introduced structure-agnostic
framework of statistical lower bounds, which poses no structural properties on the nuisance functions other
than access to black-box estimators that attain small errors; which is particularly appealing when one is
only willing to consider estimation strategies that use non-parametric regression and classification oracles
as a black-box sub-process. Within this framework, we prove the statistical optimality of the celebrated
and widely used doubly robust estimators for both the Average Treatment Effect (ATE) and the Average
Treatment Effect on the Treated (ATTE), as well as weighted variants of the former, which arise in policy
evaluation.

Keywords: Causal inference, machine learning, semi-parametric estimation

1. Introduction

Estimating the average treatment effect is one of the central problems in causal inference and has
found important applications in numerous disciplines such as economics (Hirano, Imbens, and Ridder
2003; Imbens 2004), education (Oreopoulos 2006), epidemiology (Little and Rubin 2000; Wood
et al. 2008) and political science (Mayer 2011). In view of its practical importance, a large body
of work is devoted to developing statistically efficient estimators for the average treatment effect
based on regression (Robins, Rotnitzky, and Zhao 1994, 1995; Imbens, Newey, and Ridder 2003),
matching (Heckman, Ichimura, and Todd 1998; Rosenbaum 1989; Abadie and Imbens 2006) and
propensity scores (Rosenbaum and Rubin 1983; Hirano, Imbens, and Ridder 2003) as well as their
combinations. In this paper, we consider estimation of average treatment effects under the assumption
that all potential confounders X between a binary treatment D and an outcome Y are observed,
albeit potentially of large dimensionality; a setting that has considered substantial attention in the
recent literature at the intersection of causal inference and machine learning.

Under this assumption the statistical estimation problem can be formalized as follows. We observe
data (X, D, Y) that follow a distribution that satisfies the following non-linear regression equations:

Y =g(D,X)+U
D=my(X)+V

(1)
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where Dis a binary treatment variable, U, IV are noise variables thatsatisty E[U | D, X] =E [V | X] =
0. The conditional mean g((d, x) and the propensity score m1((x) are commonly referred to as nuisance
functions.

We are interested in the problem of estimating the weighted average treatment effect (WATE)
and the average treatment effect of the treated (ATTE). The WATE is defined as

04TF = E [w(X) (¢o(1, X) - g0(0, X))] 2

where w(x) > 0 is a pre-specified and known bounded weight function defined on supp(X). In
the special case when w is constant, Equation (2) recovers the standard definition of the Average
Treatment Effect (ATE). WATE with different choices of the weight function is often used to measure
the effect of personalized interventions on a specific targeted population by some pre-specified
personalized policy (Tao and Fu 2019; Hirano, Imbens, and Ridder 2003). The ATTE is defined as

04TTE = I [o(1, X) - (0, X) | D = 1] (3)

and measures the effect of treatments on the treated population (Heckman, Ichimura, and Todd
1998).

Since the nuisance functions gy and m in Equation (1) are unknown and may have complex
structures, and since the dimension K of the covariates X can be large relative to the number of data
n in many applications, it is extremely suitable to apply modern machine learning (ML) methods,
including Lasso (Belloni, Chernozhukov, and Wang 2014; Geer et al. 2014; Chernozhukov, Newey,
and Singh 2022), random forest (Wager and Walther 2015; Syrgkanis and Zampetakis 2020), elastic
net (Zou and Hastie 2005) and deep learning (neural networks) (Schmidt-Hieber 2020; Farrell,
Liang, and Misra 2021) for nonparametric estimation of nuisance functions. Then, a straightforward
approach for estimating our target quantities is to directly plug in the ML estimators that we obtain.
Concretely, let §(d, x) and 7in(x) be our ML estimators for go(d, x) and my(x) respectively, then one
can estimate 0VATE with

n

BATE = 2 5™ () (¢(1, X) -0, X)) &)
i=1

and 04TTE with

n -1 n
oArT - (Z m(x») 3 (601,X) 20, X)) (). o)
i=1 =1
However, in order to avoid overfitting, ML methods typically uses various forms of regularization
that may lead to prohibitively large bias in the plug-in estimators. To mitigate this issue, a line of
works (Chernozhukov et al. 2017; Chernozhukov et al. 2018; Foster and Syrgkanis 2023; Rotnitzky,
Smucler, and Robins 2021; Chernozhukov et al. 2022; Chernozhukov, Newey, and Singh 2023)
proposes to employ a two-stage estimation process called double/debiased machine learning (DML), that
first obtains an ML estimator using a portion of data, and then use the remaining data to debias this
estimator based on the doubly robust estimating equations (Robins and Rotnitzky 1995). Formally,
suppose that 0 is the parameter of interest, 1 is a nuisance function, and P is a data distribution
such that the moment condition

M (80,M0) = Epp [m (W;00,m0)] = 0

holds for some moment function m. After obtaining an ML estimator 1}, DML constructs an estimator
0 of 8y by solving the following moment equation:

NEEE S .
My(©,7) 5= — > b(1;50,7) = 0.
i=1
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Then the following result is known for the DML estimator:

Theorem 1. (informal version of (Chernozhukov et al. 2018), Theorem 31') Suppose that (W3 0,7) is
linear in 6, i.e., p(W;0,n) = a(W,1)0 + v(W,m) for some functions a and v. Assuming that

o the nuisance estimation is consistent:
M =mollps = o(1) (n— +o0). (6)
e the Neyman orthogonality condition holds:
Dy M(80,m0) [A-M0] =0 (7)
* second order directional derivative of the moment M in the direction of the nuisance error converges to zero
Jaster than T
VDo M (80,7) [ —Mo] = 0p(1), VA =1+ (1 -1, T € [0,1], (8)

and some additional regularity conditions, the DML estimator 0 is asymptotically normal: \/n (é - 90> LN

N(0, Z) for some covariance matrix X.

The asymptotic normality property stated in Theorem 1 implies a high-probability guarantee
on the error rate:

Corollary 1. In the same setup as Theorem 1, for any giveny > 0, there exists a constant Cy, such that
Plle -9yl Cy Vil > 1 = for sufficiently large n.

For our goal of estimating WATE and ATTE, one can derive explicit expression for the moment
function 1 that satisfies the conditions in Theorem 1.

Example 1. Let 0y = OVATE pe the target parameter, W = (X, D, Y) is the data sampled from Equation (1),
Mo = (mo, o) and

D 1-D
po(X) ~ T-po(X

which is partially linear in © and satisfies Equation (7). Moreover, Equation (8) holds when

W:0,m) = w(X) |01, X) - 000, X) + ( )> (y_go(p,x))} .

~ o _1
o =itz - lgo =Zollpp = 0 (472) - ()

The resulting debiased estimator is

6ATE — ” w(Xi) | ) — 9 )+ D; _ 1-D; 5D X,
0 'nz; (X)) {g(l,x,) 40.X) (m(xi) 1—m(x,)>(yl g(D,,XI))} (10)

The condition (9) holds as long as the L? estimation errors of all nuisance functions are faster

than O(n_%), which can be achieved by a broad range of machine learning methods (Bickel, Ritov,
and Tsybakov 2009; Belloni and Chernozhukov 2011, 2013; Chen and White 1999; Wager and
Athey 2018; Athey, Tibshirani, and Wager 2019). By Theorem 1, we can then deduce that the
debiased estimator (10) is y/n-consistent. In contrast, the plug-in estimator defined in Equation (4) is

not \/n-consistent unless it holds that [|go — gollp, = (’)(n_%) (Chernozhukov et al. 2018). This is a

strong requirement to impose; for example, it is shown in (Chernozhukov et al. 2022), Section 5.2
that it is violated by the Lasso estimator.

1. To be concise, here we only list the key assumptions underlying DML; we point the readers to (Chernozhukov et al. 2018)
for a rigorous version of the theorem.
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Example 2. Let 0 = 04TTE be the target parameter, W = (X, D, Y) is the data sampled from Equation (1),
Mo = (mo, go) and

mo(X)

w(W;e’n) = D(Y—go(o’ X)) - m

(1~ D) (Y ~go(0. X)) - Do,
which is partially linear in © and satisfies Equation (7). Moreover, Equation (8) holds when

~ “ _1
0 =02 - {19000, ) = 200, | = 0 (7). (11)
The resulting debiased estimator is

n

n _1 ~
pATTE _ (z D,) > | Ditvi-20.x)- 1"1??()(1 -D)i-g0X)|. (1)
i=1

i=1 - i(X;

The condition (11) holds as long as the L? estimation errors of the nuisance functions 1 and

¢0(0, ) are faster than O(n_%). In this case, Theorem 1 implies that the debiased estimator (12) is
n-consistent. Note that for ATTE, we do not need to estimate go(1, -) for constructing the DML
estimator.

Given the theoretical benefits of DML as discussed above, one naturally asks whether the error
rate guarantee of Theorem 1 can be further improved, especially in regimes where the nuisance
function estimates do not converge at #/* rates. Indeed, for general nonparametric functional
estimation, it has been shown decades ago that if the function possesses certain smoothness properties,
then higher-order debiasing schemes can be designed that lead to improved error rates (Bickel and
Ritov 1988; Birgé and Massart 1995). Specifically, first-order debiasing methods are suboptimal
even when the nuisance function estimators are minimax optimal. Estimators based on higher-order
debiasing have also been proposed and analyzed for functionals that arise in causal inference problems
(Robins et al. 2008; Vaart 2014; Robins, Li, and Mukherjee 2017; Liu et al. 2017). However, the fast
rates of these methods crucially rely on the structure of the underlying function classes.

Unlike first-order debiasing methods, higher-order methods are not structure-agnostic, in the
sense that their error rates no longer apply to black-box estimators of the nuisance functions and the
corresponding estimators are many times cumbersome to deploy in practice. This observation leads
to the following question: does there exist structure-agnostic estimators that can achieve better error rates
than first-order debiasing methods? This question led to the recent introduction of the structure-agnostic
minimax optimality framework (Kennedy et al. 2022). However, existing structure-agnostic lower
bounds do not apply to the central average treatment effect problem.

We give a negative answer to this question: we show that double/debiased machine learning (DML)
methods that rely on first-order debiasing are structure-agnostic optimal for estimating both WATE and
ATTE. More concretely, we prove information-theoretic lower bounds that match the upper bounds
achieved by the doubly robust estimators in terms of the sample size and the quality of nuisance
function estimators. Our proof of the lower bounds uses the method of fuzzy hypotheses that reduces
our estimation problem to the problem of testing a pair of mixtures of hypotheses. Such methods
are widely adopted in establishing lower bounds for non-parametric functional estimation problems
(Tsybakov 2008; Robins et al. 2009; Kennedy et al. 2022; Balakrishnan, Kennedy, and Wasserman
2023). Our main technical contribution is a collection of carefully-designed constructions of the
hypotheses that are built on asymmetric perturbations in the space of nuisance functions. We note that
due to the more complicated relationships between the estimand and the data distribution, existing
constructions of composite hypotheses (Robins et al. 2009; Kennedy et al. 2022) do not apply to our
setting.
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1.1 Related work

Typical debiasing methods, both first-order (Bickel 1982; Schick 1986) and higher order (Bickel and
Ritov 1988; Birgé and Massart 1995) variants, often employs sample-splitting schemes that use the first
half of the data to construct an initial estimator, and then performs an additional debiasing step using
the second half of data. With recent advances in machine learning (ML), the first step is now often
performed using ML estimators (Belloni et al. 2012; Belloni, Chernozhukov, and Kato 2015; Farrell
2015; Syrgkanis and Zampetakis 2020) that are especially suitable in the case where the covariate X is
high-dimensional. However, these ML methods typically involve model selection/regularization to
trade-off bias and variance, which may lead to large bias in model estimation (Belloni, Chernozhukov,
and Hansen 2014). To resolve this issue, a line of works (Chernozhukov et al. 2017; Chernozhukov
et al. 2018; Foster and Syrgkanis 2023; Rotnitzky, Smucler, and Robins 2021; Chernozhukov et
al. 2022; Chernozhukov, Newey, and Singh 2023; Chen, Syrgkanis, and Austern 2022) propose
double/debiased machine learning (DML) to debias any black-box ML estimators. On the other hand,
when the nuisance parameters are assumed to have some level of smoothness, higher-order debiasing
methods are proposed (Robins et al. 2008; Robins, Li, and Mukherjee 2017; Kennedy et al. 2022) and
are shown to be minimax optimal for smooth classes of nuisance parameters, but these approaches
require ad hoc design of both the estimator in the first step and the debiasing scheme in the second
step, that heavily rely on the smoothness properties. In this sense, DML is structural-agnostic while
higher-order debiasing methods are not.

To have a better theoretical understanding of the statistical benefits of DML, one then needs to
somehow disentangle the effect of the structural assumptions and the debiasing techniques. The
framework proposed by (Balakrishnan and Wasserman 2019) is precisely targeted towards this goal. It
assumes that we already have black-box estimators of the nuisance functions, and we have n i.id. data
from the ground-truth model. The goal is to characterize the best-achievable estimation error of the
target quantity as a function of the sample size and the estimation error of the nuisance function. Our
paper investigates the statistical limit of learning average treatment effect in the structural-agnostic
framework proposed by (Balakrishnan, Kennedy, and Wasserman 2023) for functional estimation
problems.

In (Balakrishnan, Kennedy, and Wasserman 2023), the authors investigate the estimation problem
of three functionals: quadratic functionals in Gaussian sequence models, quadratic integral functionals
and the expected conditional covariance 6% = E [Cov(D, Y | X)] in Equation (1). The authors
of (Balakrishnan, Kennedy, and Wasserman 2023) establish their lower bound by reducing it to
the new problem of lower-bounding the error of a hypothesis testing problem. The error is then
lower-bounded by constructing priors (mixtures) of the composite null and alternate distribution.
The priors they construct are based on adding or subtracting "bumps" on top of a fixed hypothesis
in a symmetric manner, which is a standard proof strategy for this type of problems (Ingster 1994;
Robins et al. 2009; Arias-Castro, Pelletier, and Saligrama 2018; Balakrishnan and Wasserman 201 9).
The reason why the proof strategy of (Balakrishnan, Kennedy, and Wasserman 2023) fails for
WATE and ATTE is that the functional relationships between the nuisance parameters and these
target parameters are in different forms. Specifically, the target parameters that (Balakrishnan and
Wasserman 2019) investigates are all in the form of

T(f.9) = {[-Q)n - (13)

where [, ¢ are unknown nuisance parameters that lie in some Hilbert space H. To be concrete,
consider the example of the expected conditional covariance 8¢°”. Let po(x) = E[Y | X = x], then
we have that

6C = E[DY] - / o () hto (¥)dpx ()
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where px is the marginal density of X. The first term, E[DY], can be estimated with a standard

(9(11_%) rate, so what remains to be estimated is the second term which is exactly in the form of
Equation (13). However, this is not the case for WATE and ATTE, for which the estimand can be
written as
0" ATE = T, (ng, go) = Ex [w(X) (g0(1, X) = g0(0, X))]
and
Ex [(g0(1, X) - g0(0, X)) mo(X)]
Ex [mo(X)]
We view this as the major challenge in extending existing approaches of establishing lower bounds to

the problem of estimating WATE and ATTE, and it is our main contribution in this paper to address
it.

gATTE = T>(mo, go) =

1.2 Notations

We use Px to denote the marginal distribution of the confounding factors X in the model (1). For
any function f : R" — R* and distribution P over R", we define its L -norm as

= ([117a0) . re 00

and
1fllp.oe = esssup {f(X) : X ~ P}

We also slightly abuse notation and use ||f||, instead when the distribution is clear from context.

For two sequences (a,),>1 and (b,),>1, we write a, = O(by) if there exists a constant C > 0
such that la,| < Clb,l,¥n > 1, and we write a, = Q(b,) if there exists a constant ¢ > 0 such that
la,! > db,l,¥n > 1.

2. Structure-agnostic estimation of average treatment effect

As discussed in the previous section, while higher-order debiasing schemes yield minimax optimal
estimation errors for functionals within certain smoothness classes, their improved rates crucially rely
on the structural properties of the underlying function spaces, thereby losing the desirable property
of being structure agnostic. To analyze the statistical limit of estimating treatment effect without
making assumptions on regularity properties of nuisance functions, we adopt the structure-agnostic
framework introduced by (Balakrishnan, Kennedy, and Wasserman 2023).

Specifically, we assume the existence of black-box estimates i(x) and §(d, x) of m(x) and g(d, x)
that are accurate in the sense of L2 distance:

l90(0. %) = 200, %), , < ens
o) = (X)|[3, » < o

~ 2 /
o1, X) - (1, X) < €,
< 1 X)py2 < d (14

where ¢y, ¢, and f, are unknown positive numbers that depend on the sample size n used to estimate
the nuisance functions. Note that here we assume that the estimators i1, § are already known to
the statistician rather than a part of the estimation process. The reason for considering this setup
is that we do not want to open the black box of how these estimators are obtained. In practice,
these estimators can be obtained by leveraging powerful machine learning methods such as Lasso
(Bickel, Ritov, and Tsybakov 2009), random forest (Syrgkanis and Zampetakis 2020), deep neural
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networks (Chen and White 1999; Schmidt-Hieber 2020; Farrell, Liang, and Misra 2021) among
others. Ideally, we would like have a guarantee on the final estimation error that only depends on
the nuisance estimation error (14) but not on algorithmic-dependent properties. Moreover, while
we do not explicitly impose smoothness assumptions on the ground-truth nuisance functions g and
90, existing works that rely on such assumptions can still be related to our current setup, since the
level of smoothness of the nuisance functions directly affects their minimax optimal estimation errors
en and f,, (Kennedy et al. 2022).

Apart from the nuisance estimators, we also assume access to i.id. data {(Xj, Dj, Y;)}", that are
also independent of the data used to obtain nuisance estimators. In this way, we fully disentangle
the complete estimation procedure into a learning phase where any machine learning methods can
be used to obtain nuisance estimators from a portion of data, and an improvement/correction phase
that leads to the final estimate. While estimation of WATE/ATTE does not necessarily follows this
procedure, we notice that this is what actually being in practice where one performs sample splitting
and use the remaining samples to correct the bias of the estimations in the first phase. Moreover, this
procedure allows maximal flexibility of choosing the statistician’s favorite ML estimator in the first
phase.

We are interested in answering the following question: what is the optimal error rate that we can
achieve for estimating WATE and ATTE, given known estimators of nuisance functions and iid. data
{(Xi,D;, )}, ?

This question has already been answered in (Kennedy et al. 2022) for estimating the expected
conditional covariance 0<% = [COV(D, Y| X)] Specifically, they assume the existence of black-box
estimators of nuisance functions po(x) = E[Y | X = x] and mq(x) with errors e, and f, respectively,

and derive a minimax optimal estimation error of © (en ut %) However, to the best of our

knowledge, no such results are known for estimating WATE or ATTE. Indeed, as we discussed in
Section 1.1, existing approaches for establishing minimax optimal error rates cannot be directly
adapted to handle these quantities.

To begin with, we first introduce achievable structure-agnostic upper bounds that is quite well-
understood in existing literature. We revisit double/debiased machine learning (Chernozhukov
et al. 2017; Chernozhukov et al. 2018), a popular technique that performs a first-order bias correction
to the naive plug-in estimators, as introduced in Section 1. Focusing on our setting, the following
results are known for estimating WATE.

Theorem 2. Suppose that there is a constant ¢ € (0, 1) such that ¢ < in(x) < 1-¢,Vx € supp(X), then for
any & > 0, there exists a constant Cg such that the debiased estimator for WATE (defined in Equation (10))
achieves estimation error

. 2 1
UATE _ GWATE‘ < Cs (max{e,z,ez} 'fﬂ ) ||w||%)x,oo + " ||w||%x,2> :

with probabilily >1-0.

Theorem 2 implies that with high probability, the estimation error of the debiased estimator (10)
is upper-bounded by the sum of the oracle error which equals 1 multiplied by the L? norm of weight
function w, and the product of the error in estimating nuisance functions m and gy, multiplied by
the L* norm of w. Similarly, for estimating ATTE, we have the following.

Theorem 3. Suppose that there is a constant ¢ € (0, 1) such that ¢ < iin(x) < 1-c,Vx € supp(X), then for
any & > O, there exists a constant Cg such that the debiased estimator for the average treatment effect of the
treated (defined in Equation (12)) achieves estimation error

. 2 1
‘GATTE_GATTE‘ < Cs (en e n) (15)
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with probability > 1-5.

Theorem 3 implies that with high probability, the estimation error of the debiased estimator
(12) is upper-bounded by the sum of the oracle error % and the product of the error in estimating
nuisance functions mg and go(0, -). The bound for ATTE is similar to that of WATE, except that it
does not depend on ¢,

Given the high-probability upper bounds in Theorem 2 and 3, it is natural to ask whether these
structure-agnostic guarantees achieved by DML can be further improved. We will investigate this
problem in the subsequent sections.

3. Mainresults

In this section, we present our main results that lower-bound the estimation errors in the structural-

agnostic setting. Our lower bounds match the upper bounds derived in the previous section, implying

that double/debiased ML estimators are structure-agnostic optimal in estimating WATE and AT TE.
We restrict ourselves to the case of binary outcomes:

Assumption 1. The outcome variable Y is binary, i.e., Y € {0,1}.

Given that the black-box nuisance function estimators satisfy Equation (14), we define the
following constraint set

Foit o = {(m, Q) Isupp(X) = [0, 11K, Px = Uniform ([0, 1]5),
19(0, X) = 2(0, X)1By.2 < ens llg(1, X) = (1, X) [Py 2 < € (16)

() = )y 2 < fir 0 < ), gldon) < 1,7 € [0,11K}

where
s e;,ﬁq = 0(1) (n — +oo).

Note that introducing Assumption 2 and constraints on Px in Equation (16) only strengthens the
lower bound that we are going to prove, since they provide additional information on the ground-
truth model. Moreover, the constraints 0 < m(x), ¢(d, x) < 1 naturally holds due to the fact that both
the treatment and outcome variables are binary. We then define the minimax (1 —y)-quantile risk of
estimating OWATE qyer a function space F as

~ 2
MATEE) - inh s Qe ([0-0"TE), (17)

0:(X xDxY)"—R (m*g*)eF

where Qp (X) = inf {x € R: P[X < x] > v} denotes the quantile function of a random variable
X, and Py g+ is the joint distribution of (X, D, Y) which is uniquely determined by the functions
m* and g*. Specifically, let 1t be the uniform distribution on X x D x Y = [0, 1]X x {0,1} x {0,1},

pm* oF

. d
then the density py,» o+ = I can be expressed as

P e s y) = () (1= o () (d, ) (1 - g7 (d, )7

According to Equation (17), MIATE (F) > p would imply that for any estimator 0 of WATE,
there must exist some (m*, g*) € F, such that under the induced data distribution, the probability
of 0 having estimation error > p is at least 1 —y. This provides a stronger form of lower bound
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compared with the minimax expected risk defined in (Balakrishnan, Kennedy, and Wasserman 2023),
in the sense that the lower bound M%TE (F) = p implies a lower bound (1 —v)p of the minimax
expected risk, but the converse does not necessarily hold.

Similarly, one can define the minimax quantile risk for estimating ATTE as

N ' 2
mATTE (7 - inf sup  Qp . ioy (‘e ({(Xi. Dy, Vi) } 1)_9ATTE‘ ) (18)
0:(XxDxY)"—R (m*g*)eF ‘

The main objective of this section is to derive lower bounds for WY%TE (.7-" ond! fﬂ) and zm;;%TE (]—' ene! n)
: o : s

in terms of ey, ¢),, f, and .

To derive our lower bound, we also need to assume that the estimators 7 (x) : [0, 11X — [0,1]
and §(d, x) : {0,1} x [0,1]K ~ [0, 1] are bounded away from 0 and 1.

Assumption 2. There exists a constant ¢ such that ¢ < in(x),9(d,x) < 1-c forall d € {0,1} and
x € [0, 1]K.

The assumption that ¢ < i(x) < 1-cis common in deriving upper bounds for the error induced
by debiased estimators. On the other hand, the assumption that ¢ < §(d, x) < 1 —c s typically not
needed for deriving upper bounds, but it is also made in prior works for proving lower bounds of
estimating the expected conditional covariance E [Cov(D, Y) | X] (Robins et al. 2009; Balakrishnan,
Kennedy, and Wasserman 2023).

Now we are ready to state our main results.

Theorem 4. For any constant y € (%, 1) and estimators fin(x) and §(d, x) that satisfy Assumption 2, for
any given weight ﬁmction w, the minimax risk of estimating the WATE is

1
WATE 2 2
DTE (F,y.) = 0 (a1 Il = ol

Remark 1. If we only assume that ¢ < in(x), 9(1, x) < 1—c in Assumption 2, then we would have the
lower bound

1

WATE 2 2

DT (Fog) =0 (1l 20l )

Furthermore, this lower bound still holds in the case where we know the baseline response, i.e., Q(O, x) =
40(0,x) = 0.

Theorem 5. For any constant y € (%, 1) and estimators fin(x) and §(d, x) that satisfy Assumption 2, the
minimax risk of estimating the ATTE is given by

1
mATTE (]—'eme;, ) -0 (en S+ n)

Theorems 4 and 5 provide lower bounds of the minimax estimation errors for the WATE and
ATTE, in terms of the sample size and the estimation error of the black-box nuisance function
estimators. Our lower bounds exactly matches the upper bounds in Theorems 2 and 3 attained by
DML estimators, indicating that such estimators are minimax optimal in the structural-agnostic setup
that we focus on.

4., Proofof Theorem 4

In this section, we give the detailed proof of our main result, Theorem 4, for the lower bound of
estimating WATE. We first introduce some preliminary results that our proof will rely on.
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4.1 Preliminaries

In this subsection, we introduce some known results that build the relationship between functional
estimation and hypothesis testing, and then prove some preparatory results for the construction of
hypotheses in subsequent sections. Let H be the Hellinger distance defined as

-3 [ (/a0 /ala)’

for any distributions P, Q. The first result that we will introduce is due to (Robins et al. 2009) and
upper-bounds the Hellinger distance between two mixtures of product measures.

Formally, let X = U ) X; X; be a measurable partition of the sample space. Given a vector A =
(A1,...,Ay) in some product measurable space A = Ay X -+ X Ay, let P and Q) be probability
measures on X’ such that the following statements hold:

* P (X)) =Qy (&) = pjforevery A € A, and
* The probab1l1ty measures P and Qj, restricted to X; depend on the j-th coordinate A; of A only.

Let pand gy be the densities of the measures P and Q,, that are jointly measurable in the parameter
A and the observation x, and 7t be a probability measure on A. Define

2
b= mmaxsup/ Mdu,

and the mixed density g = [ gxd7t(A), then we have the following result.

Theorem 6. ((Robins et al. 2009), Theorem 2.1, simplified version) Suppose that the mixed densities are
equal, i.e. that q = p, and that nmax{1, b} max; pj < A for all j for some positive constant A, then there
exists a constant C that depends only on A such that,for any product probability measure =14 Q - -+ Q Ty,

H <P®”,/Q%”dﬂ(?\)) < rnjaxpj - CrPh.

Remark 2. Theorem 6 considers a special case of (Robins et al. 2009), Theorem 2.1. The original variant
of the theorem considers a more general setting where the measures p are also indexed by A, i.e. px, Py and
where p is the mixture density. Here, we only need the special cases where all P)’s are equal to P. The original
version ofthe theorem also required that all PA Satisfy that B < p < Bfor some constants B, B. In our Special
case, we no longer need to assume that. The only step in the proof of (Robins et al. 2009) that makes use of
this assumption is that

Pde
max SU
j X; PA P

\t:u\ ool

(see the arguments following their proof of Lemma 5.2). However, in our setting this term is simply

P dn
IoaJxenp x; J :

Theorem 7. ((Tsybakov 2008), Theorem 2.15) Let 7 be a probability distribution on a set (measure space)
of distributions P with common support X, which induce the distribution

Qi(A) = / QU(A)r(Q), VA C P.
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Suppose that there exists P € P and a functional T : P +— R which satisfies
T(P)<¢, m({Q:T(Q =c+2s}) =1 (19)
for some s > 0. [sz (P®”, Ql) < 8 <2, then:

inf sup P HT—T(P)’ > 5] > ﬂ
TX”»—>RP€73

\
)

Equivalently, lety = M, then

inf  sup Qp 1 (
T:xm—R pepP

4.2 Partitioning the covariate space

The following lemma states that for an arbitrary weight function w(x), one can always partition the
domain into two subsets that have the same amount of weights.

Definition 1. We say that a set S C RK isq hyperrectangle collection ifit can be partitioned into aﬁm’te
number ofdisjoint hyperreclangles in RK,

Lemma 1. Let S C RK be a hyperrectangle collection and w(x) : [0,1]X + R be a non-negative
Lebesque-integrable function such that

/[ e ) >0

then S can be partitioned into two hyperrectangle collections Sy, Sy such that uy (Sy) = %uL(S) and

[ e = 5 [ ot ),

where wy is the Lebesque measure on RK.

Proof. Suppose that S = U, C;, where C; = X]El [a,'j, b,'j] are disjoint hyperrectangles. Let

n o [(K-1
o (04 1-« 1+«
To = U1 _]>_<1 laij, bi] < [(1 - 5) aiK + Ebz’K’ L 7be s e [0,1],
Pari

then itis easy to see that iy (T) = 3 11.(S) and that both Ty and S\T are hyperrectangle collections.”
For oy € (0,1), dominated convergence theorem implies that lim‘xﬁ oo J, wle)dup(x) =

limg o, [ 1{x € Totw(x)dup(x) = [ 1{x € To, Jw(x)duy (x) fToc (x)dpr(x), so the map-
ping
$:[0,1] > R, aH/ i (9

2. Intuitively, T« splits S along the K-th dimension into two sets: one set that contains an interval of length 15(/711( - aig)
that lies strictly inside the interval [a;, bi] and one set that contains two disconnected intervals, one to the left of the
aforementioned middle interval and of length %(biK - aik) and one to the right of the aforementioned interval of length

(3-%) (bix —aix).



12 Jikai Jin et al.

is continuous and satisfies

H(0) + (1) = /S wx)dur (x)

because 7o U T; = S and wy (7o N T71) = 0, so there must exists some o such that:

Plog = PO ) 1 [ 9

2 2
Hence we can choose S; = Ty and S, = S\ T, concluding the proof. O

Let Px be the uniform distribution on supp(X) = [0,1]K and px be its density. We define
the "truncated" weight function i(x) = w(x)1 {w(x) > %HprX,OO}. Applying Lemma 1 to i - w,

recursively, for m times, with m € Z., we can partition [0, 1]d into M = 2" hyperrectangle collections
By, Ba, - -+, By, such that yuy (By) = % and

1
n d=f’ i=1,2,---,M.
/ij(x)w(x)x L

Since Py is the uniform distribution on [0, 1]9, the above implies that
1
Ex [n(X)a(X)1{X € B = . j=1.2+, M.

LetAj,i=1,2,---, M be ii.d. Rademacher random variables taking values +1 and -1 both with
probability 0.5. We define

M/2

NS ED IS (11 {xe sz}—]l{xe sz_1})- (20)

=
The following properties of A(A, x) are straightforward.
Proposition 1. We have

M/2

Exy A\, ) ZIE)\ ( {x e sz} -1 {x € By }) =0, Vxel0,1]K (21a)
M/2 1 1
Exw(X)i(X)A(, X) le:?\ (M M) =0, VAe{o,1}M? (21b)
AR, %) = Ai/f (11 {x c sz} 1 {x c sz_l})2 -1, wxelo, 11K re {0,132 (210
=

Remark 3. The construction of bump funclzons A(?\ x) in the form oquuatlon (20) has also been used
in a line of prior works for proving minimax lower bounds (Balakrishnan, Kennedy, and Wasserman 2023).
However, here we need to canfully construct the partition BJ oftha whole domain to handle non- umform
weights. We note that if we only wanted to deal with an Average Treatment Effect and not a Weighted Average
Treatment Effect, then we would have simply chosen Bj to be an equi-partition of the [0, 1]X space and the
above constructions of the regions B, related to balancmg the given weights, would not be needed.
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4.3 Core part of lower bound construction

Having completed all preparation steps, we are now ready to present our proof for Theorem 4. The
remaining part of Section 4 is organized as follows. In Section 4.4 and 4.5, we first establish our
lower bound Q (efzﬂHwH%)X Oo) under the following weaker version of Assumption 2, as previously

mentioned in Remark 1:
Assumption 3. There exists a constant ¢ > O such that ¢ < fn(x),gf(l, x) <1- cfor all x € [0, 1]K.

We separately present our proof of this lower bound for the two cases ¢}, > f, and ¢/, < f,,. Inter-
estingly, these two cases need to be handled separately using different constructions of the composite

hypotheses. In Section 4.6, we show how the lower bound O (enanwHI%X OO) can be derived in a

similar fashion. To conclude our proof, it remains to prove the lower bound O (n_l ||w||%X 2), which

is the standard oracle error and can be found in the supplementary material.

4.4 Casel:ie, > f,

In this case, we define
an(0,x) = 2(0,x)

w(x) A, x)

a1, %) (22)
)

1,x) = o(1, x) + oav(x)AA, x) |,

(1) ) [8(1, %) + cuit(x) AQA, x)]

where «, p > 0 are constants that will be specified later in Lemma 5, where we will verify that (my, g)
belongs to the constrained set 7, s ¢ and thus are valid probabilities in particular. Compared with

standard approaches for constructing the composite hypotheses (Ingster 1994; Robins et al. 2009;
Arias-Castro, Pelletier, and Saligrama 2018; Balakrishnan and Wasserman 2019), we employ an
asymmetric construction which means that the nuisance functions are non-linear in the Rademacher
variables A (in particular the function g) depends non-linearly in A due to the dependence on m in
the denominator). As discussed in Section 1.1, such type of non-standard constructions are necessary
since the functional that we need to estimate has a different structure than those handled in previous
works.
We first prove some basic properties of our construction.

Proposition 2. For all x € [0, 11K, we have
B i (x) = (x) — i) g(EX)LD(x)IE;\A(A, ¥ = i) (23a)
Ex [g;\(l, x)mo (x)] = in(x) (9(1, x) + xiv(x)EAAA, x)) = §(1, x)n(x). (23b)

We start by bounding the L2 distance from g\, M) 1O G, il

Lemma 2. Assuming that < %c ||w||}%< oo Where ¢ is the constant introduced in Assumption 2, then the
Jollowing holds for all 0 < r < +o0:

ler (1, X) =21 X) ., < 200+ B)(X) 1y
[ (X) = [, < BN [
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Proof. We have

Hm7\(X) ||1)X r X) v < f_1f5||ﬁ/(X)HPx,r
o () — my () (X)
R m - Iﬂ)\ N + o m ﬁ}
ler(1:20 0.0, < Hmm R P e

<2+ ) [(X) [ py -

Let Q) be the joint distribution of (X, D, Y) induced by g\ and mj and p be the uniform
distribution on [0, 1]K x {0,1} x {0, 1}. Define ¢ = dQ)‘ . Similarly, let P be the joint distribution

of (X, D, Y) induced by ¢ and /i, and p = dp . The next lemma states that the mixture of Q) with

prior 7t(A) is exactly equal to P.
Lemma 3. Let Q = [ Qxdn(A) and q = 5= = [ qadn(), then p = q.
Proof. By definition, we have

ga (e dy) = mp () (1 = mn ()~ ga (d. )Y (1 - ga (d, x))
and
Bl d.y) = i) (1= () = g(d, )Y (1 - g(d, )1

The "mixed" joint density q is then given by

i )= [ aaosd )
_ / ()1 = m () (d, )7 (1 - g (d, ) de()
When d = 1, we have
[ @ty ify =1
qlx,1,y) =
[m@ - ity =o

By Equation (23), we know that

[ @l (1.0dm0) = g(1.) = 1.

and

[ @) (1= a3 ) = ) = )31, ) = s 1,0),

thus q(x, 1,y) = p(x, 1,y),y € {0,1}.
When d = 0, recall that (0, x) = ¢ (0, x) by our construction, so we have

1(,0,)) = / (1 = ())2(0, 2 (1 - (0, x)) 'V dre(A)
= (1 = ()2(0, (1 = (0, ) = p(x,0, ):

where we again use Equation (23a) in the second equation. Hence p = q as desired. O



Working paper. 15

The following lemma implies that the Hellinger distance between the empirical distribution

under P and Qy with prior 7t(A) can be made arbitrarily small, as long as the domain supp(X) is
partitioned into sufficiently many pieces.

Lemma 4. Forany§ > 0, aslong as M > max{n, %nz} where ¢ is the constant introduced in Assumption 3

and C is the constant implied by Theorem 6 for A = 42, we have
H? <p® / Q%”dn(x)> < 8.
Proof. We prove this lemma by applying Theorem 6 to the partition
= (B UBy) x (0.1} x (0.1}, j=1,2,++,M/2

of [0, 11X x {0,1} x {0,1}, p = pand gy as constructed above, and p being the uniform distribution

over [0,1]5 x {0,1} x {0, 1}. Recall that By’s are chosen to satisfy uL(Bj) = ﬁ where y is the
Lebesgue measure, so that
N 2
pj = P(A) = QA (X)) = uL(Bojo1) + uL(By)) = u (24)

since their marginal distribution Py is the uniform distribution. Also, since for any x € X we have
AN, x) = A(1{x € BZj—l} -1{x € ng}), the distribution Qj restricted to &} only depends on A;. It
follows from Equation (24) that

2
b=Mmaxsup/ Mdu
20 Ay oop

D - 2
< max Mpl - sup ([?(x, d, )A’) i]])\(x, d, y))
27 (wdpex Pl d,y)

~

4

< 27

oS

where the last step holds since
ﬁ(x, 1,)/) > pX(x) - min {M(x), 1- ﬁﬂ(x)} - min {g(l,x), 1 —g(l,x)} > A3
by Assumption 3, which implies that

(plx 1,9) = Al 1,9))?
Pl 1,y)

<4
\62’

s

and for all (x, 0, y) € supp(P)

(5. 0.9) — gn e, 0.9))% _ (ma (o) = () 2(0, 027 (1 ~ (0. )21
0] (= a)g0 (- g0,

<

S|~

Hence we have

32Cn?
Cn? (maxp]) b < T i <8
j M

Finally, we have nmax{1, b} max; p; < AncPMI < 4= A by our choice of M, so all conditions
of Theorem 6 hold. By Theorem 6, we can conclude that H*(P, Q) < 8. O
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As the final building block for establishing our lower bound, we prove the following lemma, which
implies that with proper choices of ccand B, 1, g are close (in the sense of L?distance) to 7i1 and §

respectively, and that the separation condition (19) holds with distance s = Q (\ fenfu ||W| Px,oo>'

Lemma 5. Let

Vel v/

TG T o T

thenfor suﬁciently large n, we have (m)\,\g)\) eu ofo and

Ex [w(X)ga(1,X)] > E [w(X)g(1, X)] + %ocBIE {w] VA € {0,13M72, (25)

Proof. Our assumption that ¢, > f,, implies that & > B. Since ¢}, f, = o(1)(n — +00), for sufficiently
large n we must have

max(x B} < 121+ [0)pyoe) ™ min {1, [MEIEELT L, (29

where ¢ is the constant introduced in Assumption 3. In the remaining part of the proof we will
assume that Equation (26) holds.

First, by Lemma 2 and our choice of « and f it is easy to see that

’rh(X)—mx prg 1 Blin(X Mpes < \/fn
20120 = an (1. X[, < e+ B2 <V

Note that the second inequality above makes use of our assumption that ¢}, > f,. Again applying

. A _ R 1 .
Lemma 2 with r = oo, we have ||3(1, X) - ¢x(1, X) proo < (o + B [w(X) || py.co < 3¢ which
implies that 0 < g < 1. Similarly we have 0 < my < 1,50 (ma,g7) € F, o0 -

It remains to show that Equation (25) holds. To see this, note that for fixed A € {0, 1 M2 e
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have
B [(X)on (1, ) @7
. W(X)g(l,X)[; oiﬁ/(X)A()\,X)} -
I 1- X w(X)AR, X)
_E _w(X) (21, X) + i (X) AR x))f ( B a(x)an x))k (27¢)
B 2 An
-E |w(X) (g(],x) + (ot B)(X)AR, X) ‘2?1;?)2 “(x)zﬂ
+E [g (i[i)zw(X)ﬁ/(XPA(?\, x)] (274)
+00 k
R [w(X) (61, X) + air(X)AR, X)) Z( il ()\,X)) ] (27¢)
k=3
2
> E [w(X)(1, X)] +oq3E[ }
- el -2 lgo0 S GLs) (27f)
=3
> E (g0, )]+ acpis | “51) ] - coep?+ ) 79

where Equation (27b) follows from our construction in Equation (22), Equation (27¢) uses a Taylor

expansion which is valid since Equation (26) implies that ‘QO—BX)L?/(X)AO\, X)‘ < HwllpyooB < 3

Equation (27e) follows from a direct expansion of Equation (27c) up to the second-order term,
- 3)2
Equation (27f) is deduced by noticing that Exw(X)i(X)A(A, X) = 0 (by Proposition 1) and ;}((]X))() >0
and §(1, X) > ¢ and using the upper bound on « by Equation (26). Finally, Equation (27g) holds
for Cy = 4c‘2||w||;‘,x’oo, invoking also the identity >~ 7°, k= P3/(1=1) fort = IBlowlOp, o0 <
1/2. Here, it is important to note that our construction in Equation (22) exactly ensures that
the first-order terms (in « and ) cancel out. Finally, Equation (26) and & > B together imply

that Cy(ap? + B%) < 2Coap? < SE [%} of3, so Equation (25) immediately follows from

Equation (27), concluding the proof. O

We are now ready to prove Theorem 4 in the case when ¢}, > f,. For any y > %, there

exists some & € (0,2) such that 1y oll=o/) ”‘SS_‘SM) = y. We choose M > max{n, 3%6(: n*} and P =
{P}U {Q)\ 1A e {o, I}M/Z}, P = P, mtbe the discrete uniform distribution on {Q)\ : A e {o, 1}M/2},

_1 w(X)(X)?
s= Z(XBE [W
conditions are satisfied for the WATE functional

} in the context of Theorem 7. Then Lemma 4 and 5 imply that all the listed

T(P) = 0"ATE(P) = Ep [1(X) (o(1, X) (0, X))]
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Therefore, by Theorem 7, we have

inf sup Qp1_y <‘é ({(X,.,D,.’ Y)) f:ll) _BWATE‘2>
0 peP

Vel . [W(XWX)ZD

(X3,

w(X) > S wllpyoo }|
= O (wllpy00y/eifs

(
< 3 1

=Q( , .E[w<leiw<x>>2wx,m}])
(

N——

4.5 Case2:f,>¢,

In this case, we consider a different construction as follows:

an(0,x) = 3(0, )

N 2.3
sl ) 1+g(ﬁx)w(x)A(x,x)_afm(x)z (28)
mn() = 2 G+ (a1, (AR )

) a(1,x)

where A\, x) is defined in Equation (20) and «, 3 > 0 are constants that will be specified later.
Parallel to Proposition 2 and Lemma 2, we first prove some basic properties of our construction.

Proposition 3. We have
Ea [m)\(x)g)\(l,x)] = in(x)g(1,x) and
Ex [ma(x)] = in(x)

Proof. By Proposition 1, we have

Ex [mA(x)g;\(l,x)] = rh(x)g(l, x) + ocrh(x)g(l, x)ZL?/(x)IE;\A(A, x) = rh(x)g(l,x)
= m(x) + oom(x)g(1, x)w(x X + B w(x x) — aPiv(x)?
B [ (0] = B |(0) # )1, o)A ) 1+ A0 ) - apists? )
()
§(1,x)

- )+ [o1 - BN, i)+

—apin(x) (1 “EAA, x)2> (x)?

= 7in(x).
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Lemma 6. Assuming that « < max{1, ||w||py 00} and B < 4c max{1, ||w||py o0 )2 where ¢ is a
constant introduced in Assumption 2, then the following holds for all 0 < r < +oo:

lon (1, X) =3(1. X[, , < 2B[l#(X)[pys

[mA(X) = in(X)| ., < 200+ T BMX) [y

Ry W) AN, x)-aBiv(x)?| < 1 BlIOwl0p, oo+

BlOwlO%X o < % Thus it follows that

ler (1.0 -1 2], <

2 a1, (<L o040, 0) - api(x?)

g(l X
< (B + OCB'OW'OPX’OONOW(X)'OPX,, < 2|OW(X)|OPX,,

Px,?’

and
[[mA(X) = (X)|| ., < 27 BIOWlOpy oo + alOwlOpy oo + 27 aBlOWIO,

< 2(0C + C_l B)Hﬁ/(x)‘ll)x,r-
O

Note that a key difference between Lemma 6 and Lemma 2 is that in the former lemma, the
deviations of g) and mj are O(B) and O(«x + B) respectively, while the converse is true in the latter
one. This difference is intentional, since here we assume that f,, > ¢,.

Let Q) be the joint distribution of (X, D, Y) induced by ¢a and m) and p be the uniform

distribution on [0, 11K x {0,1} x {0, 1}. Define gy = &2 S1m1larly, let P be the joint distribution
of (X, D, Y) induced by ¢ and i, and p = S—ﬁ Using exactly the same arguments as we did in Lemma

3 and 4, one can prove the following lemmas.

Lemma 7. Let Q = [ Qxdn(A) and q = 5= = [ qadn(A), then p = q.

32C 2}

Lemma 8. Forany & > 0, as long as M > max{n, where ¢ is the constant introduced in Assumption 3

and C is the constant implied by Theorem 6 for A = 4c , we have

H? <p® / Q%"dn(x)> < 8.

Finally, we prove the analogue of Lemma 5 for the different construction that we are now
considering.

Lemma 9. Let

it oA

x=— Y g
4|(X) || py .2 4[i(X) [ py.2”

)
then for sufficiently large n, we have (mx,ga) € F,, 1 ., and VA € {0, 1}M72;

Ex [(X)gn (1, X)] > E [w(X)g(1, X)] + 3 aBEx [3(1, X))o XY (29)
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Proof. Since ¢, f, = o(1)(n — +00), for sufficiently large n we must have

max{e, BJ < %3(1 el )™ min {1, Ex [o00, X)u(x)(x)?] (30)

where c is the constant introduced in Assumption 3. First, by Lemma 6 our choice of « and f it is
easy to see that

30 = mr ()| < 20+ BRIy 2 < o
1301 X) = ga (1L, X)|p 5 < 2BlI#(X)llpy.2 < Ve,

Note that the first inequality above makes use of our assumption that f, > ¢). Applying Lemma 6
with r = 0o, Equation (30) implies that 0 < mx, gx < 1. Hence (imx, gx) € F, o .-

It remains to show that Equation (29) holds. Note that for fixed A € {0, 1}M/2 we have

Ex [w(X)ga(1, X)]

"X _W(X)ug(fx) (X f(Al(AXi() oc[Sﬁ/(X)zl
oo . k
By | w(X)3(1, X) <1+§(3"’ (ocﬁ/(X)z—g(l,X)ﬁ/(X)A()\,X)> ﬂ (312)
= Exw(X)g(1, X) + aBEx [g(1, X)w(X)ir(X)*| - BEx [w(X)i(X)AR, X)]
+Ex |:w(X)(Q(1, X) Lf; gk (W(X)Z -3 (SX) W(X)AQ, X)) k] (31b)
> Ex [(X)g(1, X)] + «BEx [g(1, X)w(X)#(X)*| - Cop?, (310)

where Equation (31a) uses Taylor expansion which holds since

‘BW(X)(M?/(X)— . L A, X))‘ <L <1+1> <%

9(1,X) 4
by Equation (30), Equation (31b) follows from directly expanding Equation (31a), and Equa-
tion (31c) holds with Cy = 25_2”””;‘?;(,00 where we use the fact that Ex [w(X)i(X)AQA, X)] = 0
(by Proposition 1) and that for any lfl < 1/2, 305, ¢ > 305 /F = /(1 - 1) (applied for ¢ :=
B (ocﬁ/(X)2 g(l yiv w(X)A, X)) which also satisfies that > [33|0w|0 +/3(1,X)3). Moreover,

1,X
Equation (30) and f, > ¢, together imply that CoB3 < Cop2cox < 260([5EX [ (1, X)w(X)in(X)?], so
Equation (29) immediately follows from Equation (31), concluding the proof. O
We are now ready to prove Theorem 4 in the case when f,, > ¢,. We choose M > max{n, 5 E n?}

and P = {f)}U{Qy\ : A e {o, 1}M/2}, P = P, rtbe the discrete uniform distribution on {Q;\ tA € {O, 1}M/2},

s = TaBEx [§(1, X)w(X)ii(X)?] in the context of Theorem 7. Then all the listed conditions are
satisfied for the WATE functional

T(P) = 0"4TE(P) = Ep [w(x) (¢(1. X) - 4(0. X))]
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Therefore, by Theorem 7, we obtain a lower bound

inf sup Qp 1 (‘é ({(Xi,Di, Y;) £1> —GWATE‘2>

0 pep
- _O_ oqs]EX [ (1, X)w(X)in(X)? )
[9(1, X)w(X)in(X)?]
Q( ECIES

||w||px,oo)} )

oo

IO
TN T
i)
=
=
>
S| A
>
[\
=
N/
=N
ES
Dl—= | D=

. f)

4.6 Proof of the lower bound "fz/[;’tHWH%X -

Combining the derivations in Section 4.4 and 4.5, we have shown that
WATE 2
m, (]:en,e,’,gfn> =0 (ej/l fn ) HWHPX,OO) :

In this section, we illustrate how the lower bound Q (enﬁ,||w||123x OO) can be derived in a completely

symmetric fashion. Parallel to the proofs in Section 4.4 and 4.5, we also consider two cases: ¢, > f,
and ¢, < f,.

In the first case, we define

S 1= ) — oi(x X
009 = 1720 (50,9 - )
_ . S (32)
) =)+ (1) L5610,
an(1,x) = g(1,x)
In the second case, we define
. 20,9
0. 1o B a()A0 ) - api(?
an(1,x) = g(1, %) (33)
= _g(O,x) —m(x - og(0, x)(x X
ma(x) =1 g}\(o’x)(l (x)) (1 = og(0, )i (x) A(A, )

Then we have the following result.

Lemma 10. Let Q) be the joint distribution of (X, D, Y) induced by gx and my and p be the uniform
distribution on [0, 11X x {0,1} x {0, 1}. Define gy, = % Then [ qrdr(A) = p. Moreover, there exists
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constants coe, cg > 0, such that by choosing

(c“ H - (;?a - f" ) for L‘heﬁrst case;
w 2

,C
Nega P liX)|py.

(c(x = \/f; \/a ) for the second case,

7C ~
[X)[px2” P I(X) [py.2

(. B) =

thefollowing incqualilics holdfor suﬁcienﬂy large n:

() = mA(X)][ 5. 5 < for (34)
160, X) - gx (0, X)[[7, » < en (34b)
Ex [w(X)gr(0, X)] < E [w(X)g(0, X)] - Q ( enfanX,oo> : (340)

The proof of Lemma 10 follows the exactly same route as the proofs in Section 4.4 and 4.5,
so we do not repeat it here. Finally, we can directly apply Theorem 7 to obtain the lower bound

0 (afulwl, o)

5. Proof of Theorem 5

In this section, we give the detailed proof of our main result, Theorem 5, for the lower bound of
estimating ATTE. The idea of the proof is similar to that of Theorem 4, but additional effort needs
to be made to guarantee that the separation condition (19) holds.

Let Px be the uniform distribution on supp(X) = [0, 1]X, and [0, 1]X be partitioned into M cubes
Bi,Bo, - - -, By, each with volume % LetA;,i=1,2,---, % be i.i.d. variables taking values +1 and
-1 both with probability 0.5.

Define

AT = (Bx [m(x)])™ Ex [m(x) (1, X) - 5(0, X))]

and let px be the uniform distribution on [0, 11K, We first prove the following lemma:

Lemma 11. There exist constants Cy,, ¢, > O that only depend on in and g, such that for all sufficiently large
integer M, there exists a function u : [0, 11K - R satisfying ||u| o < Cy and a partition [0, 11K = Uj\lej

into Lebesgue-measurable sets B; each with measure ﬁ, such that

Ey [u<x) (g(l,x) - 50, X) - egl}LTE) A, X)} =0, VAe {-1,+1}M2 (35)
and
u(X)
o i) > o9

where we recall that
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Proof. Let o = P [§(1, X) - §(0, X) - 041FTE = 0]. If « = 1, then we can simply choose # = 1 and
¢y = 1. Thus we can assume that o < 1. In this case either

1-o
2

P [g(Lx) — (0, X) - O4TTE o} >
or
1-«
2
We proceed by assuming that the former holds; the case when the latter holds can be handled in

exactly the same way.
Define the event & = {§(1, X) - §(0, X) - 04FTE > 5}, then

P [3(1,X) 20, X) - 04" < 0] >

1-x
2 9

lim P[E5] >
zslino[é]

so there exists 8y > 0 such that
1-«x

Ples,) > 12
Let Mo = 2| 2% M] and let B}, 1 < j < M be chosen in a way such that Bj, 1 < j < M are (disjoint)

measurable subsets of 5, Wlth measure M’ the remaining Bj’s can be chosen arbitrarily. Then we

define

1 xesz 1,1<] My /2
[(A( X)-5(0, X) - 04 TE) 1 {X € sz_lH

i 5 ATTE x € By 1 < j < Ma/2
[( ) =4(0.X) -0 ") 1 {X € szH

0 otherwise.

Specifically, u(x) is constant in each B;. Moreover, note that the denominator in the second case is
bounded away from zero, since these regions are subsets of £, . First, it is easy to see that this choice
of u guarantees that

Ex [100 (901,20 -0~ 03T) (1{X € By} -1 {x € By} ) =0

for all j, so that Equation (35) holds.
Second, let

C, = 561 (2+ eATTED .

Our choice ofB implies that for 1 < j < My/2, we have

Ex Kﬁ(l,X)—ﬁ(O,X) -eﬁTE) 1 {X € Bz_,’H > 5P [X € Bz_/} - j’wﬁ
and
Ex (201, %)-30.X)- 031 ) 1 {x e Byi1 }] < (2 s #(d, %)+ |37 | ) PLX € Byi]
< (24 [o4ETE)) ;-
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As a consequence, we have
u(x) <C, Vxelo, 1]K.

Finally, since P [u(X) = 1} = ]2\/[—1\31‘ and u(x) > 0 for all x, we can deduce that

u(X) My
Ex|—————F—| 2 — > 0.1(1 — ).
X ()| > 3 > 0109
Hence, the u(x) that we choose satisfies all the required conditions, concluding the proof. O

Returning to our proof of Theorem 5, let u(x) and A(A, x) be the function chosen in Lemma 11
and let

v(x) = ~-. (37)

We define
0.9 =509+ o a0

n(1.9) = 301, (58)

my (x) = fir(x) = Bu(x) AR, x).
where «, 3 are constants that will be specified later. Then one can easily derive the following results:
Proposition 4. We have
Ex [ma(x)] = n(x)
Ex [(1=m(x) gr (0, x)] = (0, x) (1 = n(x)),
Proof. By Proposition 1, we have
Ex [ma(x)] = fin(x) = Bu(x)Ex [AQ, )] = in(x)
Ex [(1 —mx(x)) ga (0, x)] = 5(0, x)Ep [1 - mA(X)} + ow(x)Ey [A(?\, x)]
4

As in Section 4, we can bound the L; distance between gy, m) and g, in respectively.

Lemma 12. Suppose that x < 1, < %C;l (where C,, is defined in Lemma 11), then the following holds
ﬁ)r all 0 < r < +o0:

e (0. %) ~200.X) [, <27 e [[ma(0) - ()|, < "B
X X

Remark 4. Due to the difference in construction, the bounds in the lemma above are in the forms of O(x)
and O(B) rather than O(x + B) and O(B) that we encountered in the case of the WATE. This is the reason
why we don’t need to consider the two cases e, > f,, and e, < f, separately for ATTE.

Let Q) be the joint distribution of (X, D, Y) induced by gx and mj and u be the uniform
distribution on [0, 1]X x {0,1} x {0,1}. Define qr = dd% Similarly, let P be the joint distribution

of (X, D, Y) induced by ¢ and 7, and p = g—ﬁ Using exactly the same arguments as we did in Lemma

3 and 4, one can prove the following lemmas.
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Lemma 13. Let Q= [ Qpdrt(A) and q= 5% = [ grndr(N), then p = q.
Lemma 14. For any & > 0, as Zong as M > max{n, 3%? 2} where ¢ is the constant introduced in

Assumption 3 and C is the constant implied by Theorem 6f0r A=4772 , we have

H? (P®", / Q%“dﬂA)) < 6.

\/> B=- mm{c culn/ fus
then for sufficiently large n, we have (mx, gx) € F,, o ¢ and

n

Lemma 15. Let

1
oA TTE < 4T TE - SauB, VA€ {0, 1}M72 (40)

Proof. Since ey, fu = o(1)(n — +00), we have & < %c and B < %cucg’C;Z for sufficiently large . In the
remaining part of the proof, we assume that this inequality holds.
First, by Lemma 12 it is easy to see that

i(X) = m prz <27'B < \/17'1

[l2(1, X) g;\1X||p2 2t < /ey

and 0 < my,gx < 1, so that (my,gx) € Fenel fie
It remains to prove Equation (40). For fixed A, we have

O4TTE == Ex [gA(1, X) —ga (0, X) I D = 1]
_Ey [@ALX)—gA(o, x)) ) ]

PA[D=1]
Ex @1 X) =300 X)) ma () - R AQ, )

lema()
Ex [ma(X)]
Ex [(¢(1, %) -0, X) ((X) - Bu(X)A(, X)) - B AR )] (1)
) Ex [m(X)]
_ Ex [Q(1.X) ~2(0, X)) n(X)] - BEx [u(X) (1. X) -2(0. X)) X X)]
Ex [m(X)] - BEx [u(X)AR, X)]
~ (Ex [m (X)) oBx Kl . m> AL X)]

==A-B

where the third line follows from the fact that g (0, x) - 9(0, x) = 1?%/7(:26)A(7\, x) and the fourth line

from the fact that m(X) — Bu(X)A(A, X) = my (x), according to Equation (38).
Recall that GATTE Ex[(e(1.X) -X(O X))in(X)] and

Ex [u(X) (1. X) - 2(0. X)) A X)] - 04T Ex [u(X)A0, X)] =
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by our choice of # in Lemma 11, so the first term A in Equation (41) equals GATTE since:
0T TEE x [m(X)] - BEx [u(X) (2(1, X) - 5(0, X)) A\, X)]
Ex [m(X)] - BEx [u(X)AM, X)]
O TFEx [i(X)] - O TEEX [u(X)AR, X)] - QATTE
Ex [i(X)] - BEx [#(X)AR, X))

The second term can be further simplified as follows:

A:

i (X) = ()
() (1 = (X))
- B (Ex [ (X)) Ex | x)ﬂ
u(X) ]
X)L — mn (X))
. u(x) X () (X) — (X))
- abEx [m(x)u—m(x»} BEX[ < ())(1—"1)\( ))]

=085 [ ) [ ) o)

= (Ex [m\(X)])™ «ix { A()\,X)}

_aBEy [ (422)

1
< o + 27 CRap? < 5o (42b)

where Equation (42a) follows from 0 < m(X) < 1 and u(X) > 0, and Equation (42b) follows from

. 1 1 -
‘mx(x)—m(x)‘ < BCu < 5¢ = m <2t

and B < %CI4C3C;2. Hence, for all A € {~1,+1}M/2 we have

1
ATTE ATTE
GA < eML - iCu(XB

O

We are now ready to prove Theorem 5. We choose M sufficiently large according to Lemma 14,
P= {f)}U{Q)\ : A e {o, 1}M/2}, P = P, 7tbe the discrete uniform distribution on {QA : A e {o, 1}M/2},

s= %cuocﬁ = Q(y/enfy) in the context of Theorem 7. Then all the listed conditions are satisfied for
the ATE functional

T(P) = -04TTE(P) = -Ep [(1, X) - ¢(0, X) | D=1]..

Therefore, by Theorem 7, we obtain a lower bound

inf sup Qp1_y (‘e ({(X,,Di, Y) f;ﬂ) - eWATEf) = Q(c®B?) = Q (eufr) -
0 pep

6. Conclusion

We investigate the statistical limit of treatment effect estimation in the structural-agnostic regime,
which is an appropriate lower bound technique when one wants to only consider estimation strategies
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that use generic black-box machine learning estimators for the various nuisance functions involved in
the estimation of treatment effects. We establish the minimax optimality of the celebrated and widely
used in practice doubly robust learning strategies via reducing the estimation problem to a hypothesis
testing problem, and lower-bound its error by non-standard constructions of the fuzzy hypotheses.
Our results show that these estimators are optimal, in the structure agnostic sense, even in the slow
rate regimes, where the implied rate for the functional of interest is slower than root-n. Hence, any
improvements upon these estimation strategies need to incroporate elements of the structure of the
nuisance functions and cannot simply invoke generic adaptive regression approaches as black-box
sub-processes. While the focus of this paper is on treatment effect estimation, we believe that our
techniques can be extended to address structure agnostic minimax lower bounds of more general
functional estimation problems.
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Appendices

In the appendix we provide the proofs of Theorem 2, Theorem 3 and the O (1/n) lower bound in
Theorem 4 and Theorem 5. The proofs of these results are all relatively standard and are implicit in
prior works.

A. Proof of Theorem 2

We define

MATE ~Bu(x) [4(1,X)-400.X)+ (50 = 1L ) (V=20 )|

then EQWATE = gWATE which implies that

A~ - 2 1 a 1
E (QMATE - QWATE)” < var (0M4TE) < ~ w3 .

On the other hand,

’éWATE _ éWATE’

< Ew(X) ’1 - ’;f(%) ‘ lg0(1, X) - (1, X)| + Ew(X) ‘1 - 11__’"113((;5)’ |90(0, X) - 3(0, X)|
et (-8 3569130

< Mowl0o610m10(X) = i(X)0py, 2 - (]0g0(0, X) = §(0, X)| Opy 2 + |0g0(1, X) = §(1, X)| 0py 2)
-0 (|ow|ooo m) :

Combining the above inequalities, we have
A 2 1
E (BWATE - GWATE) =0 <max{rn, "} s |Ow|0gO + )
n

and the desired high-probability bound follows directly from Markov’s inequality.

B. Proof of Theorem 3

Since E[D] = Ex[my(X)] and Dj,i = 1,2, - -, nare i.i.d. Bernoulli variables, by central limit theorem

there exists constant Cg 1 > 0 such that

< Csq \/@ with probability > 1- %6. (43)

1 n
~ Di=E[Di]
i=1
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Hence with probability > 1 -5, we have

‘éATTE _ GATTE‘

i i in(X) X
< 7 + Elmo(X)])™ |(E, ~E) (n(y_ 00,0 = s (1= D)Y 00 x)))'
+ E|mo(X) (go(1, X) = g0(0, X)) = mo(X) (go(1. X) - (0. X))
— i(X) 11‘_”2((;)) (200, X) 20, X)) |
<L = (mo(X) = (X)) (g0 (0. X) - 20, X))‘
~ \[ 1—m(X)
N 7 +\/Tuns

where E, denotes the empirical average in the second term of the second line, and this term is

bounded by O ( \[) with high probability. This concludes the proof.

C. Proof of the QO (') lower bound in Theorem 4

We define

,x) + Ew(x) (44)

where & is a constant that will be specified later.
Let Q be the joint distribution of (X, D, Y) induced by ¢ and m defined above, then its density
(w.r.t uniform measure) can be written as

qle, d, y) = mx) (1 = m(x)) ~o(d, x)7 (1 - g(d, %)™
From Equation (44) one can deduce that
Ex [w(x) (g(1,x) - ¢(0.x))] = Ex [w(x) @(1, %) = 2(0.x))] + Ellwl[, »

and

’q(x, d,y) —]3(9@ d, y)\ < Elw(x)l.

Moreover, by assumption we know that ji(x, d, y) > ¢, so we have that

H(P,Q) < €||wl, -

By choosing & < 1 , one can guarantee that
y 8ES il g

H2(P®", Q®") < nH2(P, Q) < «

so that the lower bound immediately follows from Theorem 7.
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D. Proof of the Q(i~!) lower bound in Theorem 5

We consider the construction in Equation (44). For the ATTE, one can check that

Ex [(¢(1,X) -¢(0. X))m(X)] _ Ex [(¢(1, X) - 3(0, X) + £)n(X)]
Ex[m(X)] Ex[n(X)]
_ Ex [(@(1, X) - (0, X))in(X)]
Ex[m(X)]

+&.

The lower bound then directly follows from repeating the remaining steps in Section C.
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